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Motivation

We work over the field C of complex numbers and mainly consider smooth
complete varieties.
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Motivation

We work over the field C of complex numbers and mainly consider smooth
complete varieties.

Theorem (Matsushima 1957)

If a Fano manifold X admits a Kahler—Einstein metric, then Aut®(X) is
reductive.
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Main problem

Determine the reductivity of Aut®(X) for a given variety X .

Problem J
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Main problem

Determine the reductivity of Aut®(X) for a given variety X .

Problem J

@ Rational homogeneous spaces, wonderful varieties,
K3 surfaces, varieties of general type, ...
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Main problem

Problem J

Determine the reductivity of Aut®(X) for a given variety X .

@ Rational homogeneous spaces, wonderful varieties,
K3 surfaces, varieties of general type, ...

@ For a given toric variety X, the reductivity of Aut’(X) can be easily
computed in terms of Demazure roots.
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Main problem

Problem
Determine the reductivity of Aut®(X) for a given variety X . J

@ Rational homogeneous spaces, wonderful varieties,
K3 surfaces, varieties of general type, ...

@ For a given toric variety X, the reductivity of Aut’(X) can be easily
computed in terms of Demazure roots.

Goal
Generalize the notion of Demazure roots for toroidal horospherical varieties. J
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Outline

0 Automorphism groups
e Demazure roots for toric varieties
© Toroidal horospherical varieties

Q Main results

e Applications to projective space bundles over a raional homogeneous
space
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Outline

0 Automorphism groups
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Automorphism groups of complete varieties

Let X be a complete variety. Then Aut(X) is a smooth group scheme, locally
of finite type, so we have

1 — Aut?(X) = Aut(X) — mo(Aut(X)) — 1
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Automorphism groups of complete varieties

Let X be a complete variety. Then Aut(X) is a smooth group scheme, locally
of finite type, so we have

1 — Aut?(X) = Aut(X) — mo(Aut(X)) — 1

By [Barsotti 1955, Chevalley 1960], we have

1 — Autd, (X) — Aut®(X) A Autd (X) =1
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Automorphism groups of complete varieties

Let X be a complete variety. Then Aut(X) is a smooth group scheme, locally
of finite type, so we have

1 — Aut?(X) = Aut(X) — mo(Aut(X)) — 1

By [Barsotti 1955, Chevalley 1960], we have

1 — Autd, (X) — Aut®(X) A Autd (X) =1

e If X is rationally connected, then Aut®(X) is linear.
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Automorphism groups of complete varieties

Let X be a complete variety. Then Aut(X) is a smooth group scheme, locally
of finite type, so we have

1 — Aut’(X) = Aut(X) — mo(Aut(X)) — 1

By [Barsotti 1955, Chevalley 1960], we have

1 — Autd, (X) — Aut®(X) A Autd (X) =1
e If X is rationally connected, then Aut®(X) is linear.
By Levi decompostion,
Aut®(X) = R, (Aut’(X)) x L
where R, (Aut’(X)) is the unipotent radical of Aut”(X) and L is a reductive

group.
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Outline

@ Demazure roots for toric varieties
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Demazure roots of toric varieties

Let F be a smooth complete S-toric variety where S = (C*)™ ' js the big
torus.

Definition
Let F' be a toric variety and X be the corresponding fan in Ng. Let
R(F)={meM|IpeX(1): (m,v,) =-1& (m,v,y) >0V € (1) \ {p}}

where v, and v,, denote the primitive generator of the ray p and p’, resp.
An element of R(F) is called a Demazure root for X.

@ R(F) depends only on %(1).
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Demazure roots of toric varieties

Let F be a smooth complete S-toric variety where S = (C*)™ ' js the big
torus.

Definition
Let F' be a toric variety and X be the corresponding fan in Ng. Let
R(F)={meM|IpeX(1): (m,v,) =-1& (m,v,y) >0V € (1) \ {p}}

where v, and v,, denote the primitive generator of the ray p and p’, resp.
An element of R(F) is called a Demazure root for X.

@ R(F) depends only on %(1).

Definition
@ S(F)={meR(F): —me R(F)}
@ U(F)=TR(F)\S(F)
Elements of S(F') and U(F) are called semisimple and unipotent, respectively.
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Normalized G,-actions

Definition

Let L be a linear algebraic group, w € Hom(L,C*) be a character of L, and
Y be an L-variety.

@ A G,-action A: G, x Y — Y is L-normalized with weight w if

LA(s, 17 y) = A(w(l)s,y)

foreveryl e L,s € G,,y €Y.
@ A subgroup H of L is a G,-subgroup of L if H = G,.
@ An L-root subgroup is the G,-subgroup of L associated to the G,-action

A. )
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Demazure’s theorem

Theorem (Demazure)
Let F' be a complete S-toric variety. Then
® Aut’(F) is generated by S, and S-normalized G, -subgroups.
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Demazure’s theorem

Theorem (Demazure)
Let F' be a complete S-toric variety. Then
® Aut’(F) is generated by S, and S-normalized G, -subgroups.

@ Moreover, there is a bijection between the following sets

Q R(F)
@ the set of all S-normalized G, -subgroups of Aut® (F).
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Demazure’s theorem

Theorem (Demazure)
Let F' be a complete S-toric variety. Then
® Aut’(F) is generated by S, and S-normalized G, -subgroups.

@ Moreover, there is a bijection between the following sets

Q R(F)
@ the set of all S-normalized G, -subgroups of Aut® (F).

@ Let U,, be the S-root subgroup of Aut’(X) corresponding to m € R(F).
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Demazure roots for toric varieties

Theorem (Demazure)
Let F' be a complete S-toric variety.

@ The S-root subgroups U, form € U(F) generate the unipotent radical
R*(Aut’(F)), and S and U,,, form € S(F) generate a Levi subgroup of
Aut®(F).
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Demazure roots for toric varieties

Theorem (Demazure)
Let F' be a complete S-toric variety.

@ The S-root subgroups U, form € U(F) generate the unipotent radical
R*(Aut’(F)), and S and U,,, form € S(F) generate a Levi subgroup of
Aut®(F).

@ We have

dim(Aut’(F)) = dim(S) + |R(F)| = dim(S) + |S(F)| + [U(F)|.
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Demazure roots for toric varieties

Theorem (Demazure)
Let F be a complete S-toric variety.

@ The S-root subgroups U, form € U(F) generate the unipotent radical
R*(Aut’(F)), and S and U,,, form € S(F) generate a Levi subgroup of
Aut®(F).

@ We have

dim(Aut’(F)) = dim(S) + |R(F)| = dim(S) + |S(F)| + [U(F)|.

Q Aut’(F) is reductive if and only ifU(F) = {.

DongSeon HWANG (IBS-CCG) Automorphism groups of horospherical varieties U French Polynesia, Mar 16 2026 12/33



Demazure roots for toric varieties

Theorem (Demazure)
Let F be a complete S-toric variety.

@ The S-root subgroups U, form € U(F) generate the unipotent radical
R*(Aut’(F)), and S and U,,, form € S(F) generate a Levi subgroup of
Aut®(F).

@ We have

dim(Aut’(F)) = dim(S) + |R(F)| = dim(S) + |S(F)| + [U(F)|.

Q Aut’(F) is reductive if and only ifU(F) = {.

Theorem (Demazure)
Let F' be a complete S-toric variety with fan ¥.. As S-modules,

Lie(Aut’(F)) = Lie(S) ® €D Lie(Un).
meR(F)

/

= = = = Tyt
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Demazure roots of toric varieties: examples

Mamel/l"' = z
‘pal/\ CN;R:{RK (pn\yﬁ,ré) C Mg R
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Today’s goal

Problem

@ Study the structure of Aut®(X) for a toroidal horospherical variety X .
@ In particular, find the reductivity criterion for Aut®(X).
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Outline

© Toroidal horospherical varieties
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Horospherical varieties

Definition
Let G be a connected reductive group.

@ A closed subgroup H of G is horospherical if H contains R“(B) for a
Borel subgroup B of G.

@ A normal G-variety X is horospherical if X has a dense open subset that
is isomorphic to G/H for some horospherical subgroup H of G.
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Horospherical varieties

Definition
Let G be a connected reductive group.

@ A closed subgroup H of G is horospherical if H contains R“(B) for a
Borel subgroup B of G.

@ A normal G-variety X is horospherical if X has a dense open subset that
is isomorphic to G/H for some horospherical subgroup H of G.

Horospherical varieties are natural generalizations of rational homogeneous
spaces and toric varieties, and they are all spherical varieties.
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Horospherical varieties

Definition
Let G be a connected reductive group.

@ A closed subgroup H of G is horospherical if H contains R“(B) for a
Borel subgroup B of G.

@ A normal G-variety X is horospherical if X has a dense open subset that
is isomorphic to G/H for some horospherical subgroup H of G.

Horospherical varieties are natural generalizations of rational homogeneous
spaces and toric varieties, and they are all spherical varieties.

Example

@ (Rational homogeneous spaces) Let P be a parabolic subgroup of G, i.e.,
it is closed and contains a Borel subgroup. Thus P is horospherical.
Then G/P is a horospherical variety.
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Horospherical varieties

Definition
Let G be a connected reductive group.

@ A closed subgroup H of G is horospherical if H contains R“(B) for a
Borel subgroup B of G.

@ A normal G-variety X is horospherical if X has a dense open subset that
is isomorphic to G/H for some horospherical subgroup H of G.

Horospherical varieties are natural generalizations of rational homogeneous
spaces and toric varieties, and they are all spherical varieties.

Example

@ (Rational homogeneous spaces) Let P be a parabolic subgroup of G, i.e.,
it is closed and contains a Borel subgroup. Thus P is horospherical.
Then G/P is a horospherical variety.

@ (Toric varieties) Let G = (C*)™ be a torus. Take H to be a trivial subgroup
of G. Then H is horospherical. Thus any toric variety is horospherical.
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Principal torus bundle structure on G/P

Theorem (Pasquier)

Let H be a horospherical subgroup of G and P = Ng(H). Then P is a
parabolic subgroup of G and P/H is a torus. Moreover, G/H has a principal
torus bundle structure on the rational homogeneous space G/P

G/H - G/P

where the torus fiber is isomorphic to P/H =: S.
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Toroidal horospherical varieties

Definition
A horospherical variety X is toroidal if every B-stable divisor is G-stable.

 —

@ A toroidal horospherical variety X admits a morphism = : X — G/P
extending the natural morphism G/H — G/P.

@ 7 is a toric bundle over G/P whose S-toric fiber is denoted by F'.

Proposition

For every G-horospherical variety X, there exists a G-equivariant birational
morphism X — X from a toroidal horospherical variety X .
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Example

Let X = P! x P!. We consider two toroidal horospherical structures.
@ X is a (C*)2-horospherical variety, that is, a toric variety.
@ Xisa (SLy x G,,)-horospherical variety.
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Example

Let X = P! x P!. We consider two toroidal horospherical structures.
@ X is a (C*)2-horospherical variety, that is, a toric variety.

@ Xisa (SLy x G,,)-horospherical variety.

@ Take G = SLs x Gyp,.

@ Then B= B~ = Bgr, X G,,, and R*(B) = Usy, x {1}.

@ Take H = Bgr, x {1}.

e P= BSL2 X Gm.

@ SoG/P~Pland G/H 2 P! x G,,.

X

N b

“
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Outline

° Main results
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have

1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1

where T, is surjective by Brion.
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have
1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1

where T, is surjective by Brion.
@ K consists of fiberwise automorphisms in Aut?(X).
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have
1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1
where T, is surjective by Brion.

@ K consists of fiberwise automorphisms in Aut®(X).
@ As Aut’(G/P) is completely understood, it is necessary to understand K.
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have

1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1
where 7, is surjective by Brion.
@ K consists of fiberwise automorphisms in Aut®(X).
@ As Aut’(G/P) is completely understood, it is necessary to understand K.

Consider
res: K — Aut(F)

defined by ¢ — ¢|F,
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have
1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1
where T, is surjective by Brion.

@ K consists of fiberwise automorphisms in Aut®(X).
@ As Aut’(G/P) is completely understood, it is necessary to understand K.

Consider
res: K — Aut(F)

defined by ¢ — ¢|r, which is neither injective nor surjective in general.
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Fiberwise automorphisms

For a toric bundle
m: X — G/P,

we have

1 = K := Ker(n) — Aut®(X) & Aut®(G/P) — 1
where 7, is surjective by Brion.
@ K consists of fiberwise automorphisms in Aut®(X).
@ As Aut’(G/P) is completely understood, it is necessary to understand K.

Consider
res: K — Aut(F)

defined by ¢ — ¢|r, which is neither injective nor surjective in general.
@ How to extend the Demazure roots for F' to that for X? (surjectivity)
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Demazure roots for horospherical varieties

Definition (-Proposition)
RE(X)

{m € Rs(F) : mis B*-dominant}
(= {meRs(F): (m, e"(DF)) = 0})
Elements of R (X) are called Demazure roots (B -roots) of X.

@ DT is the opposite Borel subgroup of G.
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Demazure roots for horospherical varieties

Definition (-Proposition)
RE(X) = {meRs(F):mis Bt-dominant}
(= {meRs(F): (m, e"(DF)) = 0})
Elements of R (X) are called Demazure roots (B -roots) of X.

@ DT is the opposite Borel subgroup of G.

Theorem (Barban—H—-Kwon)
For each Demazure root m € Rs(F), the following are equivalent
Q@ meRL(X)

@ the S-normalized G,-action on F associated to m extends to a
BT -normalized G,-action on X preserving every fiber of r.
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Demazure roots for horospherical varieties

Definition (-Proposition)
RE(X) = {meRs(F):mis Bt-dominant}
(= {meRs(F): (m, (D)) > 0})
Elements of R (X) are called Demazure roots (B -roots) of X.

@ DT is the opposite Borel subgroup of G.

Theorem (Barban—H—-Kwon)
For each Demazure root m € Rs(F), the following are equivalent
Q@ meRL(X)

@ the S-normalized G,-action on F associated to m extends to a
BT -normalized G,-action on X preserving every fiber of r.

@ ¢ : DT — Ng,py is the color map defined by (m, (D)) = vp(fn,) for
fm €C(G/H)P) = {f € C(G/H) : b.f = £(b)f Vb € B}.
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Reductivity

Definition
@ SH(X)={meREX): —meREX)}
© ULX) =RE(X) \ SE(X)

Elements of SZ (X) and U/, (X) are called semisimple and unipotent,
respectively.

Theorem (Barban—H-Kwon)
Aut’(X) is reductive if and only ifU} (X) = 0.
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Decomposition

Form € RE(X),
V (m) denotes the irreducible G-module with the B*-highest weight m.
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Decomposition

Form € RE(X),
V(m) denotes the irreducible G-module with the B*-highest weight m.

Theorem (Barban—H-Kwon)
@ As G-modules

Lie(Aut’(X)) = Lie(Aut’(G/P)) & Lie(Auta(X)) & €  V(m).
meRE(X)

@ [n particular

dim Aut®(X) = dim Aut’(G/P) + dim S + | S (X)| + Z dim V (m).
meud (X)

o Aut’(X) is generated by Aut’(X, 0 X) and Uy, form € RE(X).
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Levi decomposition

Theorem (Barban—H-Kwon)

The unipotent radical R*(Aut’(X)) is generated by U}, form € UZ(X) and
their G-conjugates.
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Levi decomposition

Theorem (Barban—H-Kwon)

The unipotent radical R*(Aut’ (X)) is generated by U, form € U, (X) and
their G-conjugates.

Let L be the connected reductive subgroup of Aut’(X) generated by G and
UL for m € S&(X).
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Levi decomposition

Theorem (Barban—H-Kwon)

The unipotent radical R*(Aut’ (X)) is generated by U, form € U, (X) and
their G-conjugates.

Let L be the connected reductive subgroup of Aut’(X) generated by G and
UL for m € S&(X).

Theorem (Barban—H-Kwon)

@ If the natural morphism G — Aut’(G/P) is surjective, then L is a Levi
subgroup of Aut®(X).
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Levi decomposition

Theorem (Barban—H-Kwon)

The unipotent radical R*(Aut’ (X)) is generated by U, form € U, (X) and
their G-conjugates.

Let L be the connected reductive subgroup of Aut®(X) generated by G and
UL for m € S&(X).

Theorem (Barban—H-Kwon)

e If the natural morphism G — Aut’(G//P) is surjective, then L is a Levi
subgroup of Aut®(X).

@ Ifnot, X is a toroidal G'-horospherical variety such that
G' — Aut®(G’/P') is surjective where G' = Aut®(X,0¢X) is the
subgroup of Aut(X) consisting of automorphisms stabilizing every
component of X — (G/H).
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Levi decomposition

Theorem (Barban—H-Kwon)

The unipotent radical R*(Aut’ (X)) is generated by U, form € U, (X) and
their G-conjugates.

Let L be the connected reductive subgroup of Aut®(X) generated by G and
UL for m € S&(X).

Theorem (Barban—H-Kwon)

e If the natural morphism G — Aut’(G//P) is surjective, then L is a Levi
subgroup of Aut®(X).

@ Ifnot, X is a toroidal G'-horospherical variety such that
G' — Aut®(G’/P') is surjective where G' = Aut®(X,0¢X) is the
subgroup of Aut(X) consisting of automorphisms stabilizing every
component of X — (G/H).

@ G — Aut’(G/P) is surjective in most cases.
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Historical remarks

@ The structure of Aut’(X) for a smooth complete spherical variety X is
studied in [Bien—Brion96], [Brion07] and [Pezzini09], which was used in
our proof.

e Aut’(X) for an (quasi-)affine spherical variety X is systematically studied
by Avdeev and Zhgoon. In fact, they informed us that they obtained
similar results as ours using their preprint arXiv:2312.03377 along with
the complete description of the Lie algebra structure, which will be
reflected in their manuscript later.
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,y
@ Then B =B~ = Bgsy, X G, and R*(B) = Ugy, x {1}.
@ Take H = Bgsp, x {1}.
® Bt =B = BYP x Gy
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,y
@ Then B =B~ = Bgsy, X G, and R*(B) = Ugy, x {1}.
@ Take H = Bgsp, x {1}.
® Bt =B = BYP x Gy

@ Dt = {cco} x P! is the unique B*-color in P* x P*.
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,y
@ Then B =B~ = Bgsy, X G, and R*(B) = Ugy, x {1}.
@ Take H = Bgsp, x {1}.
® B = B = BYP x Gy.
@ Dt = {oc} x P! is the unique B*-color in P! x P*.
@ (D) =0.
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,,.
@ Then B = B~ = Bgy, x G,, and R*(B) = Usy, x {1}.
@ Take H = Bgr, x {1}.
® Bt = B = BYP X Gyn.
@ DT = {co} x P! is the unique BT -color in P! x P!,
@ (D7) =0.

Thus

dimAut’(X) = dimAut’(G/P)+ dim S + S (X)| + 2+j dim V (m).
meUcs (X)
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,,.
@ Then B = B~ = Bgy, x G,, and R*(B) = Usy, x {1}.
@ Take H = Bgr, x {1}.
@ Bt =B = BIP x Gyp.
@ D+ = {oo} x P! is the unique B*-color in P! x P!,
@ (D7) =0.
Thus
dimAuwt’(X) = dimAut’(G/P)+dim S+ [SL(X)[+ >  dimV(m).
meUg (X)
= dim Aut’(P!) + dim C* + [Re- (PY)| + 0
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Example

Let X = P! x PL. X is a (SLy x G,,)-horospherical variety.
@ Take G = SLy x G,,.
@ Then B = B~ = Bgy, x G,, and R*(B) = Usy, x {1}.
@ Take H = Bgr, x {1}.
® BT =B = BYP x Gy,

@ D+ = {oo} x P! is the unique B*-color in P! x P!,

@ (D7) =0.
Thus
dimAuwt’(X) = dimAut’(G/P)+dim S+ [SL(X)[+ >  dimV(m).
meUg (X)
= dim Aut®(P!) + dim C* + |Rc- (P')| + 0
= 34+1+240
= 6.
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Outline

e Applications to projective space bundles over a raional homogeneous
space
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P"-bundles over G/P

From now on, Y is a rational homogeneous space, and L4, ..., Ly are line
bundlesonY. (k > 2)
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P"-bundles over G/P

From now on, Y is a rational homogeneous space, and L4, ..., Ly are line
bundlesonY. (k > 2)

Proposition

LetX =Py (L1 @--- @ Ly). Let G = (C*)* x Aut®(Y) where Aut’(Y)
denotes the universal cover of Aut’(Y).

Then X is a toroidal horospherical G-variety.
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P"-bundles over G/P

From now on, Y is a rational homogeneous space, and L4, ..., Ly are line
bundlesonY. (k > 2)

Proposition

LetX =Py (L1 @--- @ Ly). Let G = (C*)* x Aut®(Y) where Aut’(Y)
denotes the universal cover of Aut’(Y).

Then X is a toroidal horospherical G-variety.

(Take H = Stabg(X).)
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P"-bundles over G/P

From now on, Y is a rational homogeneous space, and L4, ..., Ly are line
bundlesonY. (k > 2)

Proposition

LetX =Py (L1 @--- @ Ly). Let G = (C*)* x Aut®(Y) where Aut’(Y)
denotes the universal cover of Aut’(Y).

Then X is a toroidal horospherical G-variety.

(Take H = Stabg(X).)
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Reductivity using Demazure roots

Let P be the parabolic subgroup of G containing B~ such that Y ~ G/ P.
For each 4, let x; be the character of P such that L, = G x* C,,.
Theorem (Barban—H-Kwon)
LetX =Py (L1 ®---® Ly). Then

@ RL(X) consists of x; — x; (i # j) suchthat L; — L; isnefonY .

@ S/(X) consists of x; — x; (i # j) such that L; ~ L; as line bundles on Y.

Theorem (Barban—H-Kwon)

Let X =Py (L, ®---@® Ly;). Then Aut’(X) is reductive if and only if for any i, j
with i # j such that L; # L;, L, — L; is not nef.

4
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K-stability of P!-bundles

Theorem (Ziquan Zhuang 2020)

Let X, and X5 be two Fano varieties such that X = X; x X,. Then X is
K-semistable (resp. K-polystable, K-stable, uniformly K-stable) if and only if

X1 and X, are both K-semistable (resp. K-polystable, K-stable, uniformly
K-stable).
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K-stability of P!-bundles

Theorem (Ziquan Zhuang 2020)

Let X, and X5 be two Fano varieties such that X = X; x X,. Then X is
K-semistable (resp. K-polystable, K-stable, uniformly K-stable) if and only if

X1 and X, are both K-semistable (resp. K-polystable, K-stable, uniformly
K-stable).

Question
Study the K-stability of projective space bundles over a Fano variety.
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K-stability of P!-bundles

Theorem (Ziquan Zhuang 2020)

Let X, and X5 be two Fano varieties such that X = X; x X,. Then X is
K-semistable (resp. K-polystable, K-stable, uniformly K-stable) if and only if
X1 and X, are both K-semistable (resp. K-polystable, K-stable, uniformly
K-stable).

Question
Study the K-stability of projective space bundles over a Fano variety.

Theorem (Kewei Zhang—Chuyu Zhou 2022)

LetY be a Fano variety of dimension n and Fano index > 2. Take L = —%K v
for a rational number r > 1. Then Py (Oy @ L") is K-unstable.
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P'-bundles over G /P
Assume k =2and L; = Oy. Let L = L.

Corollary (Barban—H-Kwon)
Let X =Py (Oy & L). Then

e Aut’(X) is reductive if and only if either L is trivial, or neither L nor —L is
nefonY.

@ In particular, if Y has Picard number 1,
Aut®(X) is reductive if and only if X ~Y x P!,
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P'-bundles over G /P
Assume k =2and L; = Oy. Let L = L.

Corollary (Barban—H—-Kwon)
Let X =Py (Oy @& L). Then

e Aut’(X) is reductive if and only if either L is trivial, or neither L nor —L is
nefonY.

@ In particular, if Y has Picard number 1,
Aut’(X) is reductive if and only if X ~Y x P,

Example
Let Y = (P!)", and consider the P!-bundle X = P(Oy @ L), where
L=0y(ay,...,a,),witha; € Zforeveryi=1,...,n.

@ X is Fanoifandonlyifa; € {—1,0,1} foreveryi=1,...,n.

e Aut’(X) is reductive if and only if either a; = ... = a,, = 0, or there exists
i # j suchthat a;a; <0,fori,j=1,...,n.

4
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K-unstability of some P!-bundles
Definition

A Fano variety is called K-unstable if it is not K-semistable.
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K-unstability of some P!-bundles

Definition
A Fano variety is called K-unstable if it is not K-semistable.

Theorem (Delcroix)

For a horospherical variety X,
X is K-polystable if and only if X is K-semistable.

DongSeon HWANG (IBS-CCG) Automorphism groups of horospherical varieties U French Polynesia, Mar 16 2026 33/33




K-unstability of some P!-bundles

Definition
A Fano variety is called K-unstable if it is not K-semistable.

Theorem (Delcroix)

For a horospherical variety X,
X is K-polystable if and only if X is K-semistable.

Corollary (Barban—H-Kwon)

LetY be a rational homogeneous space, and let L be a nontrivial nef line
bundle such that —(Ky + L) is ample. Then Py (Oy @ L") is a smooth
K-unstable Fano variety.

DongSeon HWANG (IBS-CCG) Automorphism groups of horospherical varieties U French Polynesia, Mar 16 2026 33/33



K-unstability of some P!-bundles

Definition
A Fano variety is called K-unstable if it is not K-semistable.

Theorem (Delcroix)

For a horospherical variety X,
X is K-polystable if and only if X is K-semistable.

Corollary (Barban—H-Kwon)

LetY be a rational homogeneous space, and let L be a nontrivial nef line
bundle such that —(Ky + L) is ample. Then Py (Oy @ L") is a smooth
K-unstable Fano variety.

Thank you.
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